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of harmonically related complex exponentials that share a common period with the signal
being represented. In addition, we have seen that the Fourier series representation has a
number of important properties which describe how different characteristics of signals are
reflected in their Fourier series coefficients.

One of the most important properties of Fourier series is a direct consequence of the
eigenfunction property of complex exponentials. Specifically, if a periodic signal is ap-
plied to an LTI system, then the output will be periodic with the same period, and each
of the Fourier coefficients of the output is the corresponding Fourier coefficient of the
input multiplied by a complex number whose value is a function of the frequency corre-
sponding to that Fourier coefficient. This function of frequency is characteristic of the LTI
system and is referred to as the frequency response of the system. By examining the fre-
quency response, we were led directly to the idea of filtering of signals using LTI systems,
a concept that has numerous applications, including several that we have described. One
important class of applications involves the notion of frequency-selective filtering—i.e.,
the idea of using an LTI system to pass certain specified bands of frequencies and stop
or significantly attentuate others. We introduced the concept of ideal frequency-selective
filters and also gave several examples of frequency-selective filters described by linear
constant-coefficient differential or difference equations.

The purpose of this chapter has been to begin the process of developing both the
tools of Fourier analysis and an appreciation for the utility of these tools in applications. In
the chapters that follow, we continue with this agenda by developing the Fourier transform
representations for aperiodic signals in continuous and discrete time and by taking a deeper
look not only at filtering, but also at other important applications of Fourier methods.

‘Chapter 3 Problems

The first section of problems belongs to the basic category and the answers are pro-
vided in the back of the book. The remaining three sections contain problems belonging
to the basic, advanced, and extension categories, respectively.

BASIC PROBLEMS WITH ANSWERS

3.1. A continuous-time periodic signal x(#) is real valued and has a fundamental period
T = 8. The nonzero Fourier series coefficients for x(¢) are

ay =a-| =2,a3 =a ;= 4j.
Express x(¢) in the form

x(t) = iAk cos(w it + ¢y).

k=0

3.2. A discrete-time periodic signal x[n] is real valued and has a fundamental period
N = 5. The nonzero Fourier series coefficients for x[n] are
= ¢ jl4

ap = Lay = a’, as = a*, = 2e/™,
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Express x[n] in the form

X[I’l] = A() + ZA]( Sin(wkn + ¢k)

k=1

3.3.

For the continuous-time periodic signal

x(t) = 2 + cos (%Tt) + 45sin (S%t)

determine the fundamental frequency w and the Fourier series coefficients a; such
that

x(t) = Z agel o,

k=—

3.4.

Use the Fourier series analysis equation (3.39) to calculate the coefficients a; for
the continuous-time periodic signal

(15 o0=t<1
x(t)—{—l.s, l=1<2

3.5.

with fundamental frequency wy = 7.
Let x,(7) be a continuous-time periodic signal with fundamental frequency w, and
Fourier coefficients a;. Given that

X)) = x (1 =D+ x(—1),

how is the fundamental frequency w» of x,(¢) related to w ? Also, find a relationship
between the Fourier series coefficients b, of x(¢) and the coefficients a;. You may
use the properties listed in Table 3.1.

3.6.

Consider three continuous-time periodic signals whose Fourier series representa-
tions are as follows:

100 /[
xi(1) = Z(E) 2L
k=0
100 -
x(1) = Z cos(kr)e/ k5!,

k=—100

100 K\
x3(t) = Z jsin(T)e”‘SO’.

k=-100

Use Fourier series properties to help answer the following questions:
(a) Which of the three signals is/are real valued?
(b) Which of the three signals is/are even?

3.7.

Suppose the periodic signal x(¢) has fundamental period T and Fourier coefficients
ay. In a variety of situations, it is easier to calculate the Fourier series coefficients
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by for g(tr) = dx(t)/dt, as opposed to calculating a, directly. Given that
27
J x(tydt = 2,
T

find an expression for a; in terms of b; and 7. You may use any of the properties
listed in Table 3.1 to help find the expression.

3.8.

Suppose we are given the following information about a signal x(z):

1. x(#) is real and odd.

2. x(t) is periodic with period T = 2 and has Fourier coefficients a;.
3. a; = Ofor |k| > 1.

4. Yl xoPdr = 1.

Specify two different signals that satisfy these conditions.

3.9.

3.10.

Use the analysis equation (3.95) to evaluate the numerical values of one period of
the Fourier series coefficients of the periodic signal

x[n] = Z {46[n — 4m] + 88[n — 1 — 4m]}.

Let x[n] be areal and odd periodic signal with period N = 7 and Fourier coefficients
ay. Given that

ais = jaie = 2j,a17 = 3j,

determine the values of ag, a_, a-», and a_3.

3.11.

Suppose we are given the following information about a signal x[n]:

1. x[n] is areal and even signal.

2. x[n] has period N = 10 and Fourier coefficients a;.
3. ay = 5.
4

9
- 20|x[n]|2 = 50.

Show that x[n] = A cos(Bn + C), and specify numerical values for the constants A,
B, and C.

3.12.

Each of the two sequences x;[n] and x;[n] has a period N = 4, and the correspond-
ing Fourier series coefficients are specified as

xi[n] «— ar, x2[n] «— by,
where

1 1
a0=a3=—a,=—a2:1 and b02b|=b2:b3=1.
2 2
Using the multiplication property in Table 3.1, determine the Fourier series coeffi-

cients ¢ for the signal g[n] = x;[n]xz[n].
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3.13.

Consider a continuous-time LTI system whose frequency response is

H(jw) = J e dr = Sin((j“’).

If the input to this system is a periodic signal

0=r<4

1,
x(t):{—l, 4 =<8

with period T = 8, determine the corresponding system output y().

3.14.

3.15.

3.16.

When the impulse train
x[n] = > 8[n— 4k
k=—

is the input to a particular LTI system with frequency response H(e/*), the output
of the system is found to be

[n] = cos 5—WnJrz
= 2" T g )

Determine the values of H(e/*™?) for k = 0, 1, 2, and 3.

Consider a continuous-time ideal lowpass filter S whose frequency response is
.. |1, el =100
H(jw) = {0, lw| > 100

When the input to this filter is a signal x(#) with fundamental period T = /6 and
Fourier series coefficients a, it is found that

s
x(1) — y(1) = x(0).

For what values of & is it guaranteed that a; = 0?
Determine the output of the filter shown in Figure P3.16 for the following periodic
inputs:
@ xi[n] = (=D"
(b) x2[n] = 1 +sin(3Zn + )

es n—4k
(¢) xa[n] = S7_ L(5)" "uln — 4k]

H(Ee™)

—27

I

3

|
—jOn
Nl

|
wia

o
[SE]
o
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o
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N 4

3

e

Figure P3.16
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3.17.

3.18.

3.19.

3.20.

Fourier Series Representation of Periodic Signals Chap. 3

Consider three continuous-time systems S}, S2, and S3 whose responses to a complex
exponential input e/> are specified as

Sy 1 el — tel

S2 . eer _ ejS(r—l)

S5 : e —s cos(5t).

For each system, determine whether the given information is sufficient to conclude
that the system is definitely not LTI.

Consider three discrete-time systems Sy, S», and S3 whose respective responses to
a complex exponential input /™ are specified as

S :ejﬂ'n/Z N ejmz/Zu[n]’

BN .
S2 . ejn'n/._ ej?ﬂTIl/Z’

S} . ejﬂ'n/2 2ej51rn/2

For each system, determine whether the given information is sufficient to conclude
that the system is definitely not LTI

Consider a causal LTT system implemented as the RL circuit shown in Figure P3.19.
A current source produces an input current x(), and the system output is considered
to be the current y(¢) flowing through the inductor.

AAAA
yyvy -

Figure P3.19

(a) Find the differential equation relating x(¢) and y(t).

(b) Determine the frequency response of this system by considering the output of
the system to inputs of the form x(r) = e/’

(c) Determine the output y(t) if x(¢) = cos(t).

Consider a causal LTI system implemented as the RLC circuit shown in Figure

P3.20. In this circuit, x(¢) is the input voltage. The voltage y(r) across the capac-

itor is considered the system output.

R=10 L=1H
—AMW—— T +

x
I T4
VAR
U/

Il
OII
ﬂ‘
=

=<

— Figure P3.20
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(a) Find the differential equation relating x(¢) and y(¢).

(b) Determine the frequency response of this system by considering the output of
the system to inputs of the form x(r) = e/’

(c) Determine the output y(¢) if x(#) = sin().

BASIC PROBLEMS

3.21. A continuous-time periodic signal x(¢) is real valued and has a fundamental period
T = 8. The nonzero Fourier series coefficients for x(¢) are specified as

— 4% = 3 — =2
a) =a_; = J,as = ad-5 = 4.

Express x(#) in the form

x(t) = > Agcos(wit + ).

k=0

3.22. Determine the Fourier series representations for the following signals:
(a) Each x(¢) illustrated in Figure P3.22(a)—(f).
(b) x(r) periodic with period 2 and

x(t)=e' for —1<tr<l1

© Figure P3.22
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ekt ietitl

-5 -4-3 -2 -1 1 2 3 4 5 6 7 t
® Figure P3.22 Continued

(c) x(t) periodic with period 4 and
(1) = { sint, 0 < SS

2
2<t 4

3.23.

In each of the following, we specify the Fourier series coefficients of a continuous-
time signal that is periodic with period 4. Determine the signal x(¢) in each case.

[0 k=0
(a) ay = (])k smk7r/4’ otherwise
(b) ap = (~DRTE g =

_ | jk |k <3
(©) a [0, otherwise

|1, keven
@) a, = [2, k odd

3.24.

Let

, 0
x(”:{z—t I

be a periodic signal with fundamental period T = 2 and Fourier coefficients a;.

(a) Determine the value of qy.

(b) Determine the Fourier series representation of d x(¢)/dt.

(¢) Use the result of part (b) and the differentiation property of the continuous-time¢
Fourier series to help determine the Fourier series coefficients of x(z).

1
2

t
4

A IA
A IA
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3.25.

Consider the following three continuous-time signals with a fundamental period of
T =1/2:

x(t) = cos(4irt),
y(t) = sin(41rt),
z2(t) = x(0)y(@).

(a) Determine the Fourier series coefficients of x(¢).

(b) Determine the Fourier series coefficients of y(r).

(c) Use the results of parts (a) and (b), along with the multiplication property of the
continuous-time Fourier series, to determine the Fourier series coefficients of
z(t) = x(@)y(@).

(d) Determine the Fourier series coefficients of z(z) through direct expansion of z(#)
in trigonometric form, and compare your result with that of part (c).

3.26.

3.27.

3.28.

Let x() be a periodic signal whose Fourier series coefficients are

(2 k=0
e = j(%)'”, otherwise °

Use Fourier series properties to answer the following questions:

(a) Is x(t) real?

(b) Is x(t) even?

(c) Is dx(¢)/dt even?

A discrete-time periodic signal x[n] is real valued and has a fundamental period
N = 5. The nonzero Fourier series coefficients for x[n] are

ay=2ay =a*, =2 ay=da", = el
Express x[#] in the form
x[n] = Ap + > Agsin(wn + ).
k=1

Determine the Fourier series coefficients for each of the following discrete-time
periodic signals. Plot the magnitude and phase of each set of coefficients ay.

(a) Each x[n] depicted in Figure P3.28(a)—(c)

(b) x[n] = sin(27wn/3) cos(mn/2)

(¢) x[n] periodic with period 4 and

x[n] = 1—-sinzr4£ for0 = n =3

(d) x[n] periodic with period 12 and

x[n] = l—sin%n forO0 =n <11
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x[n]

Figure P3.28

3.29. In each of the following, we specify the Fourier series coefficients of a signal that
is periodic with period 8. Determine the signal x[#] in each case.

@) ar = COS(’%T)-{- Sin<3‘k_”) (b) a; = [ Sin(k%'), 0=<=k=6

4 0, k=17
(c) a; as in Figure P3.29(a) (d) ay as in Figure P3.29(b)
ak
RN
-8 0 8 16 k
(@)
o, K
oo 1 1 P
31
Lol ol el
-8 0 8 16 k
(b)
Figure P3.29

3.30. Consider the following three discrete-time signals with a fundamental period of 6:

2T . (2 T _
x[n] = 1+ cos (—6—n> y[n] = sin (?n + Z)’ z[n] = x[n]y[n].
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3.31.

3.32.

(a) Determine the Fourier series coefficients of x[n].

(b) Determine the Fourier series coefficients of y[n].

(c) Use the results of parts (a) and (b), along with the multiplication property of
the discrete-time Fourier series, to determine the Fourier series coefficients of
z[n] = x[n]y[n].

(d) Determine the Fourier series coefficients of z[n] through direct evaluation, and
compare your result with that of part (c).

Let
|1, 0
x[n} = {0, 3

be a periodic signal with fundamental period N = 10 and Fourier series coefficients
ay. Also, let

7
9

A IA
=
IA 1A

gln] = x[n] — x[n — 1].

(a) Show that g[n] has a fundamental period of 10.

(b) Determine the Fourier series coefficients of g[n].

(¢) Using the Fourier series coefficients of g[n] and the First-Difference property
in Table 3.2, determine a;, for k # 0.

Consider the signal x[#n] depicted in Figure P3.32. This signal is periodic with period
N = 4. The signal can be expressed in terms of a discrete-time Fourier series as

3
x[n] = Zake"‘k(%/“)". (P3.32-1)
k=0

x[n]

Figure P3.32

As mentioned in the text, one way to determine the Fourier series coefficients is
to treat eq. (P3.32-1) as a set of four linear equations (for n = 0, 1,2, 3) in four
unknowns (ag, a;, a», and az).

(a) Write out these four equations explicitly, and solve them directly using any stan-
dard technique for solving four equations in four unknowns. (Be sure first to
reduce the foregoing complex exponentials to the simplest form.)

(b) Check your answer by calculating the a; directly, using the discrete-time
Fourier series analysis equation

1< .
ay = Z Z x[n]e ]k(271'/4)n.
n=0
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3.33. Consider a causal continuous-time LTI system whose input x(¢) and output y(t) are
related by the following differential equation:

d
5,0+ 4y(0) = x0),

Find the Fourier series representation of the output y(t) for each of the following
inputs:

(a) x(t) = cos2mt

(b) x(t) = sindwt + cos(6mt + w/4)

3.34. Consider a continuous-time LTI system with impulse response
h(t) = e,
Find the Fourier series representation of the output y(#) for each of the following
inputs:
@ x(t)=>,"_.8(t—n

(b) x(t) = >0 _(=1)"8¢ — n)
(¢) x(1) 1s the periodic wave depicted in Figure P3.34.

%@
S EAEAER 1 [ . 1L

-3 -2 -1 1 3 4 Figure P3.34

3.35. Consider a continuous-time LTI system S whose frequency response is

L fe| =250
H(jo) = {0, otherwise

When the input to this system is a signal x(¢) with fundamental period T = #/7 and
Fourier series coefficients ay, it is found that the output y(¢) is identical to x(7).
For what values of & is it guaranteed that a; = 0?

3.36. Consider a causal discrete-time LTI system whose input x[n] and output y[n] are
related by the following difference equation:

Yinl = Jyin = 11 = in]

Find the Fourier series representation of the output y[n] for each of the following
inputs:

(a) x[n] = sm( T n)
(b) x[n] = cos(4n) + 2cos(Fn)

3.37. Consider a discrete-time LTI system with impulse response

|
hin] = (%) .



Alex
Rectangle


Chap. 3 Problems 261

3.38.

3.39.

Find the Fourier series representation of the output y[n] for each of the following
inputs:

(@) x[n] = >;_ _.8[n— 4k]

(b) x[n] is periodic with period 6 and

1, n=0 =1

*nl = [0, n=+2+3

Consider a discrete-time LTI system with impulse response

1, 0=n=<2
hln] =< -1, -2=n=-—1.
0, otherwise

Given that the input to this system is
+oc
x[n] = > 8[n— 4kl
k=—x
determine the Fourier series coefficients of the output y[n].

Consider a discrete-time LTI system § whose frequency response is

I, |w|=7%

joy
H(e™) 0, %<a)

Show that if the input x[#n] to this system has a period N = 3, the output y[n] has
only one nonzero Fourier series coefficient per period.

ADVANCED PROBLEMS

3.40.

Let x(7) be a periodic signal with fundamental period T and Fourier series coeffi-
cients a;. Derive the Fourier series coefficients of each of the following signals in
terms of ay:

@) x(t —ty) + x(t + 1ty

(b) &v{x(n)}

(c) Gte{X(t)}

@ G

(e) x(3¢ — 1) [for this part, first determine the period of x(3r — 1)]

341.

Suppose we are given the following information about a continuous-time periodic
signal with period 3 and Fourier coefficients a;:

1. ay = dig4o.
2. a; = a_y.

3. [ % x(ndr = 1.
4 Jz (t)dt =2
B X — <.
1

Determine x(t).
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3.42.

3.43.

3.44.

Fourier Series Representation of Periodic Signals Chap. 3

Let x(¢) be a real-valued signal with fundamental period T and Fourier series coef-

ficients ay.

(a) Show that a; = a*, and ay must be real.

(b) Show that if x(r) is even, then its Fourier series coefficients must be real and
even.

(c) Show that if x(¢#) is odd, then its Fourier series coefficients are imaginary and
odd and gy = 0.

(d) Show that the Fourier coefficients of the even part of x(¢) are equal to Re{a,}.

(e) Show that the Fourier coefficients of the odd part of x(¢) are equal to jIm{a;}.

(a) A continuous-time periodic signal x(#) with period 7 is said to be odd harmonic
if, in its Fourier series representation

+
x(t) = > apel* (P3.43-1)
k=—x

a; = 0 for every non-zero even integer k.
(1) Show that if x(¢) is odd harmonic, then

x(t) = —x(t + g) (P3.43-2)

(i1) Show that if x(#) satisfies eq. (P3.43-2), then it is odd harmonic.
(b) Suppose that x(¢) is an odd-harmonic periodic signal with period 2 such that

x(t) =t forO<r<l.

Sketch x(¢) and find its Fourier series coefficients.
(c) Analogously, to an odd-harmonic signal, we could define an even-harmonic
signal as a signal for which a; = O for k£ odd in the representation in eq. (P3.43—
1). Could T be the fundamental period for such a signal? Explain your answer.
(d) More generally, show that 7 is the fundamental period of x(¢) in eq. (P3.43-1)
if one of two things happens:
(1) Either a; or a- is nonzero;
or
(2) There are two integers k and / that have no common factors and are such
that both a; and a4, are nonzero.

Suppose we are given the following information about a signal x(¢):

1. x(¢) is a real signal.

2. x(t) is periodic with period T = 6 and has Fourier coefficients a.
3. ap = 0fork = Oand k > 2.

4. x(t) = —x( — 3).

5. Y2 xPdr = L.

6. a, is a positive real number.

Show that x(r) = A cos(Bt + C), and determine the values of the constants A, B,
and C.
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3.45. Let x(7) be a real periodic signal with Fourier series representation given in the
sine-cosine form of eq. (3.32); i.e.,

x(®) = ag + 2Z[Bk cos kwot — Cy sin kwot]. (P3.45-1)
k=1

(a) Find the exponential Fourier series representation of the even and odd parts of
x(1); that is, find the coefficients a; and B; in terms of the coefficients in eq.
(P3.45-1) so that

400
E{x(D} = > agel*,

k=-—w

Od{x(t)} = i Brelot,

k=—o

(b) Whatis the relationship between a;, and a _ in part (a)? What is the relationship
between B, and B_;?

(c) Suppose that the signals x(7) and z(¢) shown in Figure P3.45 have the sine-cosine
series representations

ad 2wkt 2arkt|
=ay+2> — Cysi ,
x(t) = ag 2. _Bk cos 3 Cy sin 3
ad 27kt 2arkt ]
=dy+2> |E |- Fysi
z2(t) = dy 2k=1 kcos( 3 ) Fy s1n( 3

x(t)

VAN NN D

-5 -3 -2

z(t)

Figure P3.45
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Sketch the signal

N I 27kt . (2mkt
W) = 4ay + dy) + 2;{ [Bk + ~Ek}cos( 3 )+ Fy Sm(%_)}'

2

3.46 In this problem, we derive two important properties of the continuous-time Fourier
series: the multiplication property and Parseval’s relation. Let x(z) and (t) both be
continuous-time periodic signals having period T}, and with Fourier series represen-
tations given by

+% +
x(t)y = > apelt gy = > brelten, (P3.46-1)
k=—= k=—=
%4{t)
cos 207t
H.‘l'\1\1|Ir‘|‘1“1|r‘r'|““‘xl“x'|"|1\ ;'l“wlwlﬂuﬂw[|¥H|1y‘|"w‘|w| ‘1‘Jr\I4‘J‘JIJMall‘lmvlr‘l‘t‘lll’
T || L T 2 il T 4 t
(a)
Xoft) z{t) cos 20mt,

.~ where z{t) is as in Figure P3.22(f)
it “HHH?‘IH‘HIH\H HHHH!‘HH\HM HHH]H‘HH
(W2 — et IRRRRUkTY— TRt VEL > 3 JUTH T

(b)
X3(t)

e 1t cos 20mt

(©

Figure P3.46



Chap. 3 Problems 265

(a) Show that the Fourier series coefficients of the signal

) = x(O)y(t) = > cpel*

k=—o
are given by the discrete convolution
+0o0
Cr = E anbk;m
n=-—w

(b) Use the result of part (a) to compute the Fourier series coefficients of the signals
x1(2), x2(t), and x3(t) depicted in Figure P3.46.

(c) Suppose that y(¢) in eq. (P3.46—1) equals x*(¢). Express the b, in the equation in
terms of a;, and use the result of part (a) to prove Parseval’s relation for periodic
signals—that is,

3.47 Consider the signal
x(t) = cos2t.

Since x(?) is periodic with a fundamental period of 1, it is also periodic with a period
of N, where N is any positive integer. What are the Fourier series coefficients of x(f)
if we regard it as a periodic signal with period 3?

3.48. Let x[n] be a periodic sequence with period N and Fourier series representation

x[n] = > ageltmn (P3.48-1)
k=<N>

The Fourier series coefficients for each of the following signals can be expressed in

terms of ay in eq. (P3.48-1). Derive the expressions.

(@) x[n — no]

(b) x[n] — x[n — 1]

(¢) x[n] — x[n — %] (assume that N is even)

(d) x[n] + x[n + %] (assume that N is even; note that this signal is periodic with
period N/2)

(e) x"[—n]

® (—1)"x[n] (assume that N is even)

(g) (—1)"x[n] (assume that N is odd; note that this signal is periodic with period
2N)

@ﬂﬂ=“m’xﬁl

3.49. Let x[n] be a periodic sequence with period N and Fourier series representation

x[n] = > apeltmNn, (P3.49-1)
k=<N>
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3.50.

3.51.

3.52.
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(a) Suppose that N is even and that x[n] in eq. (P3.49-1) satisfies

x[n] = —x[n + %V} for all n.

Show that a; = O for all even integers k.
(b) Suppose that N is divisible by 4. Show that if

x[n] = —x[n + %] for all n,

then a; = 0 for every value of k that is a multiple of 4.
(c) More generally, suppose that N is divisible by an integer M. Show that if

(NIM)—-1 N
x[n + r—] = (O forall n,
r=0 M

then a; = O for every value of & that is a multiple of M.

Suppose we are given the following information about a periodic signal x[n] with
period 8 and Fourier coefficients a;:

1. Ay = —QAag—4.
2. x[2n+ 1] = (D"

Sketch one period of x[n].

Let x[n] be a periodic signal with period N = 8 and Fourier series coefficients
ay = —ay—4. A signal

yln] = (ﬁ%——l—)—)xm - 1]

with period N = 8 is generated. Denoting the Fourier series coefficients of y[n] by
by, find a function f[k] such that

by = flklay.

x[n] is a real periodic signal with period N and complex Fourier series coefficients
ay. Let the Cartesian form for a; be denoted by

ay = by + jci,

where b; and c; are both real.

(a) Show that a_; = a;. What is the relation between b; and b_;? What is the
relation between ¢, and ¢_;?

(b) Suppose that N is even. Show that ay/, is real.
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(c) Show that x[n] can also be expressed as a trigonometric Fourier series of the
form

(N-1)12
x[n] = ay+2 Z b cos (%@)— Cy sin (27;[](")

k=1

if N is odd or as

(N-2)2
n 2mkn . [2mkn
x[n] = (ag + ayp(—1D)") + 2 kél by cos( N ) Ck sm( N )

if N is even.
(d) Show that if the polar form of a; is A;e/%%, then the Fourier series representation

for x[n] can also be written as

(N-1)2 2arkn
x[n] = ag + 2 ; Akcos( N +0k>

if N is odd or as

W) 2mkn
x[n] = (ap + anp(=1)") +2 > Agcos + 0y
k=1 N

if N is even.
(e) Suppose that x[n] and z[n], as depicted in Figure P3.52, have the sine-cosine

series representations

x[n]

Figure P3.52
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3
x[n] = ay + ZZ[ by cos (27r7kn ) — ¢ sin (277‘7](" )}

k=1

3
zZln] = do + 2 Z[ dy cos (szn ) — frsin (27;kn )] .

k=1

Sketch the signal

3
Yinl = ao = do + 22[ dj.cos (27;/01) + (fx — c)sin (2777kn )]

k=1

3.53. Let x[n] be a real periodic signal with period N and Fourier coefficients ay.
(a) Show that if N is even, at least two of the Fourier coefficients within one period
of a; are real.
(b) Show that if N is odd, at least one of the Fourier coefficients within one period
of ay, is real.

3.54. Consider the function
N-1
a[k] — Z ej(27T/N)kn.
n=0

(a) Show that a[k] = N for k = 0, =N, =2N, =3N, .. ..

(b) Show that a[k] = O whenever k is not an integer multiple of N. (Hint: Use the
finite sum formula.)

(c) Repeat parts (a) and (b) if

a[k] — Z ej(2'n'/N)kn.

n=<N>

3.55. Let x[n] be a periodic signal with fundamental period N and Fourier series coeffi-
cients a;. In this problem, we derive the time-scaling property

xXop[n] = x[Z], n=0%tm £2m,--
(m) 0, elsewhere

listed in Table 3.2.

(a) Show that x,,[n] has period of mN.
(b) Show that if

x[n] = v[n] + w[n],
then

xmy[n] = vimy[n] + wim[n].
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(c) Assuming that x[n] = e/2™%"/N for some integer ko, verify that

1=
X(my[n] = %_ZeJZW(k0+lN)n/(mN).
=0

That is, one complex exponential in x[n] becomes a linear combination of m
complex exponentials in x(,,)[7n].

(d) Using the results of parts (a), (b), and (c), show that if x[n] has the Fourier
coefficients ay, then x(,,[n] must have the Fourier coefficients ;ln-ak.

3.56. Let x[n] be a periodic signal with period N and Fourier coefficients ay.
(a) Express the Fourier coefficients b, of |x[n]|? in terms of a.
(b) If the coefficients a; are real, is it guaranteed that the coefficients b, are also
real?

3.57. (a) Let
N-1 )
x[n] = > ayel* TN (P3.57-1)
k=0
and

N—-1
y[n] _ Zbkejk(Zw/N)n
k=0

be periodic signals. Show that

N-1
xlnlyln] = > crel TR,
k=0

where

N-1 N-1
cp = Zalbk—l = Zak—lbl-
1=0 1=0
(b) Generalize the result of part (a) by showing that
cr = Z aiby-; = Z ax—1b;.
[=<N> I=<N>

(c) Use the result of part (b) to find the Fourier series representation of the following
signals, where x[n] is given by eq. (P3.57-1).
(i) x[n]cos (%)
(i) x[n>,Z_.8[n— rN]
(i) x[n] (Z ;" =0 [n - %D (assume that N is divisible by 3)

(d) Find the Fourier series representation for the signal x[n]y[n], where

x[n] = cos(mn/3)
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and

yln] = Ll =3
0, 4=1n =<6

is periodic with period 12.
(e) Use the result of part (b) to show that

> x[nlylnl =N > aby,

n=<N> [=<N>
and from this expression, derive Parseval’s relation for discrete-time periodic
signals.
3.58. Let x[n] and y[n] be periodic signals with common period N, and let

dnl = > xlrlyln—r]

r=<N>

be their periodic convolution.

(a) Show that z[#] is also periodic with period N.

(b) Verify that if a;, by, and ¢, are the Fourier coefficients of x[n], y[n], and z[n],
respectively, then

cx = Nayby.
(c) Let
x[n] = sin(?)
and
|1, 0=n=3
y[n]_{o, 4=n=<7

be two signals that are periodic with period 8. Find the Fourier series represen-
tation for the periodic convolution of these signals.
(d) Repeat part (c) for the following two periodic signals that also have period 8:

. 3an
x[n] = sm(—4—), O0=n= 3’
0, 4 =pn=<7

y[n] = (%)n,O =n<=<71.

3.59. (a) Suppose x[n] is a periodic signal with period N. Show that the Fourier series
coefficients of the periodic signal

o]

gty = > x[k]8(t — kT)

k=—o0

are periodic with period N.
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(b) Suppose that x(#) is a periodic signal with period T and Fourier series coeffi-
cients a; with period N. Show that there must exist a periodic sequence g[n]

such that

(o<}

x(t) = > glk18(t — kTIN).

k=—o

(c) Can a continuous periodic signal have periodic Fourier coefficients?

3.60. Consider the following pairs of signals x[n] and y[n]. For each pair, determine
whether there is a discrete-time LTI system for which y[#] is the output when the
corresponding x[#] is the input. If such a system exists, determine whether the sys-
tem is unique (i.e., whether there is more than one LTI system with the given input-
output pair). Also, determine the frequency response of an LTI system with the
desired behavior. If no such LTI system exists for a given x[n], y[n] pair, explain
why.

@ x[n] = (), ylnl = (3)
(b) x[n] = ($")uln], y[n] = (;)"uln]

(©) x[n] = G uln, yln] = 4"u[—n]

(@) x[n] = &8, y[n] = 28

(e) x[n] = e/"Buln], y[n] = 2e/"8u[n]
® x[n] = j", yln]l = 2" — ))

(@) x[n] = cos(wn/3),y[n] = cos(arn/3) + /3 sin(mrn/3)
(h) x[n] and y;[n] as in Figure P3.60

(i) x[n] and y,[n] as in Figure P3.60

-12 0 12 24 n

-15 -9 -3 0 3 9 15 21 n

yaln]

-9 0 9 18 n

Figure P3.60

3.61. As we have seen, the techniques of Fourier analysis are of value in examining
continuous-time LTI systems because periodic complex exponentials are eigenfunc-
tions for LTI systems. In this problem, we wish to substantiate the following state-
ment: Although some LTI systems may have additional eigenfunctions, the complex
exponentials are the only signals that are eigenfunctions of every LTI system.
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3.62.

3.63.

3.64.

Fourier Series Representation of Periodic Signals Chap. 3

(a) What are the eigenfunctions of the LTI system with unit impulse response
h(t) = o(r)? What are the associated eigenvalues?

(b) Consider the LTT system with unit impulse response h(f) = 6(t — T). Find a
signal that is not of the form ¢*', but that is an eigenfunction of the system with
eigenvalue 1. Similarly, find the eigenfunctions with eigenvalues 1/2 and 2 that
are not complex exponentials. (Hint: You can find impulse trains that meet these
requirements.)

(c) Consider a stable LTI system with impulse response A(t) that is real and even.
Show that cos wt and sin wt are eigenfunctions of this system.

(d) Consider the LT system with impulse response A(t) = u(t). Suppose that ¢(r) is
an eigenfunction of this system with eigenvalue A. Find the differential equation
that ¢(¢r) must satisfy, and solve the equation. This result, together with those
of parts (a) through (c), should prove the validity of the statement made at the
beginning of the problem.

One technique for building a dc power supply is to take an ac signal and full-wave

rectify it. That is, we put the ac signal x(r) through a system that produces y(f) =

|x(2)| as its output.

(a) Sketch the input and output waveforms if x(¢#) = cos ¢. What are the fundamen-
tal periods of the input and output?

(b) If x(t) = cost, determine the coefficients of the Fourier series for the output
y().

(¢) What is the amplitude of the dc component of the input signal? What is the
amplitude of the dc component of the output signal?

Suppose that a continuous-time periodic signal is the input to an LTI system. The
signal has a Fourier series representation

e’s]

)C([) — Z a\k|ejk(7r/4)t’

k=—»

where « is a real number between 0 and 1, and the frequency response of the system
is

. L, |lw|=W
H =47 .
(o) { 0 lw|>Ww
How large must W be in order for the output of the system to have at least 90% of
the average energy per period of x(7)?

As we have seen in this chapter, the concept of an eigenfunction is an extremely
important tool in the study of LTI systems. The same can be said for linear, but time-
varying, systems. Specifically, consider such a system with input x(¢) and output
y(£). We say that a signal ¢(¢) is an eigenfunction of the system if

B(r) — Ad(2).

That is, if x(f) = ¢(¢), then y(f) = Ad(1), where the complex constant A is called
the eigenvalue associated with ¢(t).
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(a) Suppose that we can represent the input x(7) to our system as a linear combina-
tion of eigenfunctions ¢ (), each of which has a corresponding eigenvalue Ay;
that is,

0

x(t) = > cidild).

k=—

Express the output y(¢) of the system in terms of {c,}, {¢ ()}, and {A}.
(b) Consider the system characterized by the differential equation

,d?x(t) 4 tdx(t).

=1 dr? dt

Is this system linear? Is it time invariant?
(c¢) Show that the functions

i(t) = t*

are eigenfunctions of the system in part (b). For each ¢,(), determine the cor-
responding eigenvalue A.
(d) Determine the output of the system if

x(®) = 106710 + 3¢ + %t“ + .

EXTENSION PROBLEMS

3.65. Two functions u(¢) and v(¢) are said to be orthogonal over the interval (a,b) if

b
J u(tyv*(t)dr = 0. (P3.65-1)

a

If, in addition,

b b
J lufde = 1 = j () dt,
the functions are said to be normalized and hence are called orthonormal. A set of
functions {¢;(¢)} is called an orthogonal (orthonormal) set if each pair of functions
in the set is orthogonal (orthonormal).
(a) Consider the pairs of signals u(¢) and v(¢) depicted in Figure P3.65. Determine
whether each pair is orthogonal over the interval (0, 4).
(b) Are the functions sinmwgt and sin nwot orthogonal over the interval (0, T),
where T = 27@/w(? Are they alsd orthonormal?
(c) Repeat part (b) for the functions ¢,,(¢) and ¢,(r), where

—

1 .
o) = ﬁ[cos kwot + sin kwot].



